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ABSTRACT 

It is proved that every Orlicz sequence space contains a subspace isomorphic 
to some lp. The question of uniqueness of symmetric bases in Orlicz sequence 
spaces is investigated. 

1. Introduction 
The purpose of this paper is to investigate some linear topological properties 

of the Orlicz sequence spaces l u  defined with the aid of certain convex functions 

M (for precise definitions, see the next section). For M ( x ) =  xP; 1 < p < + oo, 

the spaces I M coincide with the classical sequence spaces Ip. 

Our first result, Theorem 1 (Section 3), gives a new fragment of evidence to 

the general conjecture that every infinite dimensional Banach space contains a 

closed subspace isomorphic to c o or some Ip (see [43, [-63 for a discussion of this 

and related conjectures). Theorem 1, though admittedly quite special, seems to 

be the first instance where the conjecture is verified for a class of spaces which a 

priori is not related to some given lp-space. The " p "  whose existence is shown in 

Theorem 1 is found by using the Schauder-Tychonoff fixed point theorem. 

The second subject treated in the paper is the question of uniqueness of sym- 

metric bases of a Banach space. Before explaining this problem, let us introduce 

some standard notions. 

A sequence {xn} of a Banach space X is called a basis of X if every x s X  has a 

unique expansion of the form x = Zn~ 12~x,. The basis is called normalized if 

]1 x~ I[ = 1 for all n. Two bases, {x~} of X and {yn} of Y are called equivalent if 
ao ~ oo ~ = 1 ~x~ converges if and only if ]~  = ~Tny~ converges. Equivalently, this means 

the existence of an isomorphism T from X onto Y such that Tx~ = y~; n = 1 , 2 , . . .  

A basis {xn} is called unconditional if for every permutation n of the integers the 
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sequence {x,~n)} is also a basis. If, in addition, (x.~n)) is equivalent to {xn} for any 

such permutation then {xn} is called symmetric. 

In the separable Orlicz sequence spaces l~t the natural unit vectors form a 

symmetric basis. 

The general question of uniqueness of normalized bases originates in the 

desire to have a canonical representation of a Banach space as a sequence space 

in terms of a basis, which does not depend on the special choice of the basis. It has 

been proved that 11,12 and c o are the only spaces with a unique, up to equivalence, 

normalized unconditional basis (c.f. [5] and its references). Furthermore, among 

all the spaces having an unconditional basis, these three spaces are the only ones 

in which every normalized unconditional basis is symmetric. Since normalized 

unconditional bases are so rarely unique it is natural to ask whether symmetric 

bases are unique up to equivalence. It is easily seen and well-known that the unit 

vector basis in c o or lp is up to equivalence the only symmetric basis of these 

spaces. The usual proof of this fact (c.L [8]) uses the "perfect homogeneity" of 

the natural unit vector basis of c o or lp, a property which is characteristic only 

to these spaces [9]. 

In Section 4 we show that besides Co and lp there are other Orlicz sequence 

spaces with a unique (up to equivalence) symmetric basis. On the other hand we 

construct an example of a reflexive Orlicz sequence space which fails to have this 

property. Thus, in general, a representation of a Banach space as a symmetric 

sequence space is not "canonical". 

The study started in this section can be certainly continued in the direction of 

finding necessary and sufficient conditions on M which ensure the uniqueness of 

the symmetric basis o f  IM. However, a more interesting problem raised by our 

examples is the question of finding out whether those spaces which have up to 

equivalence unique symmetric bases can be singled out among all Banach spaces 

with symmetric bases by any other important linear topological properties. 

2. Preliminaries 

In this section we summarize some material concerning Orlicz sequence spaces. 

This presentation follows essentially the Thesis of K. J. Lindberg [3] which 

contains a very clear and detailed exposition of most of the known facts regarding 

Orlicz sequence spaces as well as new results in the direction considered in this 

paper. (A standard reference for general Orlicz spaces is [-2]). 

An Orlicz function M(x) is a continuous convex non-decreasing function 
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defined for x > 0 such that M ( 0 ) =  0 and M(x)> 0 for x > 0. To any Orlicz 

function M(x) one can associate the space IM of all sequences of scalars {xn} , 

such that ?En~ 1 M(I xn I/t) < c~ for some t > 0. The space l M with the norm 

][{Xn}ll =inf {t>0; .=,~ M(Ixn[ / t )<l  } 

becomes a Banach space which is called an Orlicz sequence space. We say that an 

Orlicz function M(x) satisfies the A2 condition (for small x) if for every 2 > 1 

there exists a constant K(2) and a positive number x(2) such that M(2x)  

< K(2)M(x) for 0 _< x _< x(2). The words "for  small x "  will be omitted in the 

sequel. 

It is easy to check that M satisfies the A2 condition if and only if limsupx~ o 

xM'(x)/M(x) < + oo. (Recall that M'(x) is a non-decreasing function defined 

for each x > 0 except for a countable set of points in which we take M'(x) as the 

derivative from the right). Other conditions each equivalent to the A 2 condition 
are (c.f. [1], [3]): 

a) IM does not contain a subspace isomorphic to l~o. 

b) The unit vectors form a symmetric basis of IM. 

c) l M consists of all the sequences {x~} such that ~M(I x, I) < oo. 

For any Orlicz function M set 

a M = lim inf xM'(x)/M(x); b M = lim sup xM'(x)/M(x). 
X"*O x ' ~ O  

Then IM is reflexive if and only if a N > 1 and b M < + oo. 

Two Orlicz functions M1(x ) and ME(X ) are called equivalent if there exist 

positive constants K1,K2,2,1~ and Xo such that for all 0 < x _< x 0 

K 1 • M2(,~x ) < Ml(x ) < K 2 • M2(//x ) 

When M 1 and M E satisfy the A2-condition , they are equivalent if and only if 
the ratio Ml(x)/M2(x ) is in the same time bounded and bounded away from 

zero on (0, Xo) for some x 0 > 0. This is the case iff lM, and 1M2 consist of the same 

sequences i.e., the unit vector bases in IM, and lM2 are equivalent. 

We conclude this section by quoting the following result due to J. J. Lindberg 

[3]. 

PROPOSITION 1. Let X be an infinite-dimensional subspace of a separable 

Orlicz sequence space 1 u. Then X has a subspace Y isomorphic to an Orlicz 

sequence space l N for some Orlicz function N satisfying the A 2 condition. I f  X 
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has an unconditional basis, Y m a y  be chosen to be complemented in X,  and if  X 

has a symmetric basis then X itself is isomorphic to l N. 

3. In this section we prove the following result. 

THEOREM 1. Every Orlicz sequence space IM contains a subspace isomorphic 

to lp for some p > 1. 

The theorem is trivial if M does not satisfy the A2 condition since in this case 

IM contains a subspace isomorphic to I~o and, therefore, it contains as a subspace 

any separable space, in particular, any Ip. 

We can, therefore, assume that M satisfies the A2 condition. First we need the 

following lemma. 

LEMMA 1. Let M be an Orlicz function satisfying the A 2 condition and let CM 

be the subset of the Banach space C(0,1) defined by C M = ('lo<t<=lCM.t where 

CMt= convo<~<t{M(sx)/M(s)} (the closure being taken in the norm topology 

of C(O, 1)). 

Then CM is a compact convex set containing the function x ~ for some p >- 1. 

PROOF. As we have mentioned in the previous section, the A 2 condition insures 

the boundedness of the function tM'( t ) /M(t)  in a certain neighborhood of zero 

and thus in the whole interval (0, 1). If  A = sup0<t.~l tM'( t ) /M(t)  then for each 

0 < s < l  

d/dx[M(sx) /M(s)]  = sM'(sx) /M(s)  <= sM'(s) /M(s)  <__ A, 0 < x <= 1, 

and thus all the functions in CM,t are equicontinuous for any t > 0. In addition, 

they are uniformly bounded by 1; hence CM,t is compact for any 0 < t < 1. 

Consequently, CM is a nonempty norm compact set consisting of Orlicz functions 

N satisfying N(1) = 1 and the A2 condition with the same constant as for M. 

Let 0 < r < 1 and consider the map T, defined on CM,~ : 0 < t < 1 as follows: 

T,N(x)  = N(rx) /N(r)  

Since N(r) ~ 0 T,  is well defined. Moreover, if N(x) = 2~= lai M(s~x) /M(si) with 

~ : i= lcq= l  and 0 < s  i < t  then 

T rN(x) = ~, 
i = l  

M(s , rx )  n ~z, --M-(~i) / ~1 ~z̀  M(s,r)M(si) 

M(s r) M(s,rx) / 
oh M's"  " i=1 i= 1 ~. i) M(sir) 

M(s~r) 
oti ~ ~ C M . t  
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It follows immediately that T, maps CM into CM. The continuity of T, on 

CM, ~ is checked easily by using the fact that all the functions from C~,1 satisfy 

the A 2 condition with the same constant. 

Using the Schauder-Tychonoff fixed point theorem for T~ on C M we obtain 

the existence of a function J'~ CM for which 

(T, f ) (x)  = f (xr ) / f ( r )  = f ( x ) ;  0 -< x -< 1 

By setting q = log f ( r ) / log r  we get that f ( r ) =  r q and further f(r") = (rn)q; 

n = 1, 2,-.. ,  since f ( r  ~) = f  "(r). In addition, q > 1 for f satisfies f (r )  =< r < 1 as 

every other function from CM does. Moreover, as we have shown in the beginning 

of this proof  

If(x)-f(y)l <=Alx-yl; x,y UO, q. 
Thus, for every x e [0 ,  1] we can choose an n such that r" < x <_- r"-  1 and have: 

I f ( x ) -  xq I < I f ( x ) - / ( r " )  I + l(r ~) q -  xO] 

_-__ A I x  - r" I + ( r" - l )  ° - ( r " )  q -<__2A0 - r) 

Now, if r k ~ 1, fk a fixed point of  T~, and Pk = 1ogfk(rk)/log r k then 

Ifk(X) -- X'~I < 2A(1 -- rk); 0 <-- X < 1 

where fk~ CM; k = 1,2, "... Using a compactness argument for {fk} and {Pk} and 
the fact that CM is norm closed we obtain the existence of a p > 1 such that 

xP~ CM. This concludes the proof  of  the lemma. 

PROOF OF THEOREM 1. We choose a number u, 0 < u < 1 which will be 

fixed throughout this proof. According to Lemma 1 the compact convex set CM 

contains a function x p for some p > 1 (where M is assumed to satisfy the A 2 

condition). Thus xP~ CM,, so we can find a convex combination 

nl nl 
~, lhM(fix)/M(ti); ~ l h = l ;  O < t  i < u ;  

i=1  i = l  

i = 1,2,. . . ,n~ such that 

.~P nz I -- ~, IJiM(hx)/M(ti) <½; O < x < l  
i = 1  

Next, let j l  be an integer for which u jl < t~; i = 1 ,2 , . . . ,n  r Since x ~  CM,uJ1 
112 /12 we can find another convex combination ]~i =,1 + dhM(fix)/M(ti); ~i =nl + 1~i 1 ; 

0 < t~< uJ1; i = n~ + l , . . . ,n2,  such that 
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I "' L x v - Z # i M ( f i x ) / M ( t l  ) < 1; 0 < x <- 1. 
i = n l + l  

Continuing in this manner we construct a decreasing sequence {ti}, lim~-.oo t~ = 0 

and an increasing sequence of integers {Jk}; limk-.~ojk= + ~ such that 

t ,~+l < u ju < t,~; k = 1,2, ..., and 

X v -- ~ 121M(tix)/M(ti)  < 2k+----T; 
i = n k + l  

O_<x_<l  

where 

Denote 

Then 

We have that 

Ilk+ 1 

~ #~ = 1; k = 1 ,2 , . . . .  
i = n k + l  

6j=(i;uJ+l<=t~<uJ}; 2j= • kti/M(t~). 
i~a j  

"~ +' M ( t i x )  Jk +,-  1 M ( t i x )  
X X . 

i f n k  +1 J=J'c " ~ '  M( t i )  

o r  

j~+, -  1 . . . .  M ( t i x )  i~+,-  1 
Z Z . ~  . M ( u J + I x )  ~ Z Pi M( t i  )" <= Z Z . ~. / .  M ( u J x )  

j ~ . , -  1 ,k ~, M ( t , x )  j~ + , -  1 
Z 2 jM(uJ+Ix )  <= Z ~ti--~'~ti--x-'"k) <= Z ~,jM(uYx); 

j = j , ,  i =n~:+ 1 J=Ju 

O _ x < l .  

Recall that the A a condition for M insures the boundedness of  the expression 

M ( x / u ) / M ( x )  in a neighborhood of zero and thus in the whole interval [0,1] 

so that 

sup 
0 < x ~ l  

Consequently, for 0 < x < 1, 

M ( x  [ u ) / M ( x )  = B < + co. 

jk+l-I 
~ ÷ , - 1  "~+' M ( t i x )  <-B  E ~jM(u;+ 1x); 

~, 2 j M ( u  j+ lx )  < 2~ It i M( t i  ) _ 
J=Jk  i = n k + l  J=Jk  

and further 
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j k+~- I  1 < 1 j k + l - 1  
2jM(ui+lx) - 2-V4- f = x" < 2k+---- T + B Y~ 2jM(u~+lx). 

j =jk j =j'.c 

If [2] denotes the largest integer < 2, then 

Jk+l--1 1 
E [2j]M(uJ+~x)  - 2k÷---- f < x~ < 

j =jr: 

1 j k + l - 1  j k . l - 1  
< 2 k + i + B  ~, [2j]M(uJ+lx)+BM(1) £ u j+l .  

J =Jk J =Jk 

which finally implies that for any sequence (ak} the series 

Jk~ j - 1  
~ 2 j ] M ( u J + l i a k [ )  

k = l  j = j k  

converges if and only if {ak} ~ Ip. 

Let now {Aj}~= 1 be disjoint subsets of the integers so that Aj has exactly [)~y] 

elements (Aj = ~ if [2j] = 0). Put 

fk  = 2 U j+l e m k = l , 2 , - . .  
J=Jk \ m e A j  / 

where em denotes the ruth unit vector in l M. The statement we just proved means 

that Y~kakfk converges iff ~kl ak I p < ~ -  In other words the closed linear span of 

{f ~k}k=l is isomorphic to lp. Q.E.D 

COROLLARY. Every closed subspace of a separable Orlicz sequence space IM 
contains a subspace isomorphic to lpfor some p > 1. 

PROOF. This follows from Proposition 1, Theorem 1 and the fact that separa- 

bility of  I u implies that the A 2 condition holds for M. 

REMARKS. Some particular cases of Theorem 1 have been proved by K. J. 

Lindberg in [3]. He has shown that if aN = bM (for the definition, see Section 2 

above) or if the function xM' (x ) /M(x)  has a special asymptotic behavior then IM 

contains a complemented subspace isomorphic t o  Ip for some p > 1. 

The analogue of Theorem 1 for Orlicz function spaces LM(0 , 1) is easy and 

well known. I f  M satisfies the A2 condition (at 00) then the Rademacher func- 

tions span a subspace of LM(0, 1) which is isomorphic to 12. If M does not satisfy 

A 2 at oo then LM(0, 1) contains any separable space as a subspace. 

4. Uniqueness of symmetric bases of Orlicz sequence spaces 

We start this section by describing a class of Orlicz sequence spaces, including 

properly the lFspaces, which have (up to equivalence), a unique symmetric 
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basis. In the statement of our result we refer again to the compact convex set C u 

introduced in the previous section. 

THEOREM 2. Let l~t be a separable Orlicz sequence space for which the set 

CM contains no Orlicz function equivalent to M. Then the usual unit vector 

basis (en} is, up to equivalence, the unique symmetric basis of l M. 

PROOF. Assume that f'~ is another symmetric basis of IM. Thus, since (f'n} is 

equivalent to each of its subsequences, we can find by a standard procedure a 

normalized block-basis 

qna- I q .+ l 

f ;  = Z tlei, Z M(t i )= IIf :U = 1 
i = q n + l  i = q . . +  1 

which is equivalent to (f") (q, is an increasing sequence tending to + o0). Since 

the A2 conditions holds for M it follows, as we have already mentioned in the 

q,+ 1 . form a totaly proof of Lemma 1, that the functions ~i=q,+lM(tix), n = 1,2, ..., 

bounded subset of C(0,1). Hence we can assume without loss of generality that 

there exists an Orlicz function N, satisfying again the A2 condition such that the 
qn+ 1 sequence ~,i=q,+lM(tix) tends to N(x) uniformly on I-0,1]. 

Incidentally, this shows that (g} is equivalent to the unit vector basis;(f~} of 1N. 

Replacing M by N and (f',} by (en} and repeating our arguments we can con- 
/'n+ 1 rn+ 1 struct a sequence of functions E~=,~+lN(ssx); 2Ej .... +lN(sj) = 1; n = 1, 2,-.., 

which converges uniformly on [-0,1] to an Orlicz function Ml(x)  and the basis 

(e,} is equivalent to the usual unit vector basis of IMl Therefore, it follows im- 

mediately that M~ is equivalent to M. 

Combining these facts one can easily show that Ml(x)  can be approximated 

uniformly on [0,1] by sums having the form 

,1. +1 "m. +1 q, +1 "m,.1 M(tisjx) 

i = q q + l  j = r m n + l  i = q ~ + l  j = r m . + l  

~,~"+~ v"~rAJ Mrts  ~ tend to 1. where the sums i = q n + l z - ' ~ j  = m . + l  ~ i j /  

Thus Mz(x ) can be approximated uniformly on [-0, 1] by convex combinations 

of the functions M(t~sjx)/M(t~sj). Consequently, if at least one of the sequences 

(t,} or (s j} tends to zero then M1 s CM which contradicts our hypothesis. Hence, 

we can assume the existence of a number ~ > 0 and subsequences (t~} and (ss~ } 

for which It, l __> Is , , I  >__ k -- 1,2, . . .  In  this case it follows easily that the 

bases (e~} and (f'n} are equivalent which completes the proof. 

COROLLARY. Let l u be an Orlicz space for which au = bM (i.e.lim~-,oxM'(x)/ 
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M ( x )  exists). Then  the usual unit  vector basis is, up to equivalence, the unique 

symmetr ic  basis of  1M. 

PROOF. I f  p = aM = bM; then for any e > 0 there is x~ > 0 such that 

p - e  < M ' ( x )  < p + e  
; 0 < x < x ~  

x = M ( x )  = x 

Integrating this inequality between tx and t for some 0 < t < x~ and 0 < x < 1 

we get 

M(x t )  < 
xV+" < M(t )  = x V - ~  

from which we can easily conclude that CM contains only one function namely x p. 

Thus, either M is not equivalent to x p and then we conclude the proof  by using 

Theorem 2, or M is equivalent to x p in which case this result is known as we have 

pointed out is Section 1. 

EXAMPLE. For each p > 1, the function M ( x ) =  x V / ( 1 -  logx) satisfies the 

conditions of the previous corollary without being equivalent to x p. There are 

also examples of  functions M such that a~t ¢ bM but M satisfies the assumption 

of Theorem 2. 

The remaining part  of  this section is devoted to the construction of an example 

of an Orlicz sequence space having at least two non-equivalent symmetric bases. 

We shall need the following Lemma:  

LEMMA 2. Let  H(x )  and K ( x )  be two continuous non-decreas'ing convex 

funct ions defined on an interval [t, 1] f o r  some 0 < t < 1 and such that: 

1 ° H ( 1 ) = K ( 1 ) = I ;  l > H ( t ) > 0 ;  l > K ( t ) > 0  

2 ° There  exist numbers  d > c > 1 such that 

H'(1)  = K'(1)  = c and 

c < x H ' ( x ) / H ( x )  < d; c < x K ' ( x ) / K ( x )  <= d 

for  every x E [t, 1] in which both derivatives exist  (othcrwise we take instead the 

right derivates). Then  the funct ion 

~ H(x)  t < x <_ 1 

H ( x )  = [ H ( t ) K ( x  /t); t 2 < x < t 

is continuous, convex, non-decreasing and satisfies 2 ° on [t 2, 1] with the same 

c and d. 
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PROOF. It is obvious t h a t / 7  is a continuous non-decreasing extension of H. 

For t 2 < x < t w e h a v e  

/7'(x) = H ( t ) r ' ( x  /t) /t, 
and in particular 

/7'(t  - O) = H(t )K' (1) / t  < H'(t) ,  

which together imply the convexity o f / 7  on It 2, 1]. Finally, 

x/7 ' (x)  _ (x / t )K ' (x  /t) . t 2 < x < t, 
/7(x) K(x  /t) ' 

shows that the inequalities from 2 ° continue to hold. 

THEOREM 3. There exists a reflexive Orlicz space I u having at least two 
non-equivalent symmetric bases. 

PROOF. We begin by constructing two functions, M(x)  and N(x)  defined on 

[½,1] satisfying all the requirements of the preceding Lemma and also that 

M(½)/N(½) = 2 < 1. The possibility of finding such a pair of functions is evident 

By an inductive procedure we extend M and N to Orlicz functions on [0,1]. Put 

tn = 2 -2"-1, n = 1,2,-.. . Assume we have already extended M and N (the ex- 

tensions will be denoted always by the same letter) to I-tan+a, 1] so that all the 

conditions in Lemma 2 are satisfied on this interval and in addition 

(*) M(t3n + 1) IN(tan+ i) = )]'2"- 1 

We extend now in three steps the functions to the interval [tan+4 , 1] as follows: 

M(x)  = M(tan+l)N(x/tan+l) } > > 2 
N(x) N(tan+l)N(x/tan+l) _ tan+l = X = t a n + 2 = t a n + l  , 

M(x) = M(ta.+ 2)M(x/tan+ 2) 
N(x) N(t3n+2)N(x/t3n+2 ) }j t3n+2 ~ X ~ tan+3 = tan+2 , 2  

N(x) N(t3n+3)M(x/t3n+3) ~j t3n+3 ~ X ---~ t3n+4 = t3n+3.2 

It follows from Lemma 2 that M and N continue to satisfy all the requirements 

appearing in its statement on the interval [taCn+l)+l, 1 ]. Also (*) is satisfied for 

n + 1 since 

M(tan+4) M(t3n+3) [M(tan+2)] 2 = [M(tan+ l)] z 
= = = 

Thus by setting M(O)= N(O)--0 we get Orlicz functions on [0,1] which 
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satisfy the A 2 condition and for which l im,~oM(t,) /N(t ,)  = 0, i.e. M(x) and N(x) 

are not equivalent. 

By the inductive construction we have 

N(x) = M(tan+lx)/M(tan+l), tan+l _< x -< 1 

and 

M(x) = N(t3.+ax)/N(ta.+a), t3n+3 _~ X N 1. 

By using the fact that N and M satisfy A 2 it follows that there are subsequences 

{Sm} and {r.}, of {t3.+1} and {t3.+3} respectively, so that for every 0 _< x < 1 

IN(x) - M(s .x ) /M(s . )  I < 2 -2m, I M(x) - N(r.x)/N(rm)[ < 2 -2". 

Since lim.~oo M(s.)  = limm_~ ~ N(rm) = 0 while M and N are bounded above by 1 

we may assume (by passing again to a subsequence, if necessary) that 

IN(x) - 2 .M(s .x)  I __< 2 - ' ,  [M(x) - VmN(r,x) l ~ 2 -"  

for all 0 < x < 1, where 2,. = [ 1 / i ( s . ) ]  and ~m = [1/N(r.)] .  

It follows that the series Z.N(]  a .  l)converges aft Zm2mM(S.] am[) converges 

while ZmM([ b,. I) converges iff Z~7.N(r,. Ibm I) converges. Let {Am} be disjoint 

subsets of the integers having exactly 4.  elements, and let {e.} denote the unit 

vectors in Iu. The subspace U of 1M spanned by the vectors y .  = 2.~n~A.e n is 

thus isomorphic to lN. Since U is complemented in lM (cf. [5]) it follows that IN is 

isomorphic to a complemented subspace of lM i.e. lM ~ lu G X for some space X. 

Similarly l N ~ lM • Y for some Banach space Y. An application of Petczyfiski's 

decomposition method [7] shows that l N ~ l M. Indeed, 

IN ~ IM G Y ~ IM @ IM (~ Y ,,~ IM (~ IN ~ ls O) l~v @ X ,.~ IN O) X ~ I M. 

This completes the proof of the theorem. 

REMARKS The construction used here allows a great degree of freedom in 

choosing N and M. For example, given any 1 < a < b < ~ we can construct an 

M (and N) as above so that a M = a ,  bM = b and, of course, lM does not have a 

unique symmetric basis. This should be compared to the Corollary to Theorem 2. 

An easy modification of the construction above shows that there is an Orlicz 

space which has at least three symmetric mutually nonequivalent bases. One 

simply has to construct inductively in an obvious manner three functions MI(X),  

M2(X), M3(X ) instead of the two functions M(X) and N(X). In fact, the same 

procedure enables the construction of an Orlicz sequence space IM which has a 
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countably  infinite number  o f  mutual ly  non-equivalent  symmetric bases. We do 

no t  know whether there exists an Orlicz sequence space which has exactly two (or 

any other  finite number)  of  mutual ly non-equivalent  symmetric bases. It  may  be 

that  the existence o f  two non-equivalent symmetric bases implies already the 

existence of  infinitely many  non-equivalent  ones. 
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