ON ORLICZ SEQUENCE SPACES

BY
J. LINDENSTRAUSS AND L. TZAFRIRI

ABSTRACT

It is proved that every Orlicz sequence space contains a subspace isomorphic
to some /,. The question of uniqueness of symmetric bases in Orlicz sequence
spaces is investigated.

1. Introduction
The purpose of this paper is to investigate some linear topological properties

of the Orlicz sequence spaces I, defined with the aid of certain convex functions
M (for precise definitions, see the next section). For M(x)=x?; 1 £ p< + 0,
the spaces Iy, coincide with the classical sequence spaces I,.

Our first result, Theorem 1 (Section 3), gives a new fragment of evidence to
the general conjecture that every infinite dimensional Banach space contains a
closed subspace isomorphic to ¢, or some I, (see [4], [6] for a discussion of this
and related conjectures). Theorem 1, though admittedly quite special, seems to
be the first instance where the conjecture is verified for a class of spaces which a
priori is not related to some given I -space. The “‘p>* whose existence is shown in
Theorem 1 is found by using the Schauder-Tychonoff fixed point theorem.

The second subject treated in the paper is the question of uniqueness of sym-
metric bases of a Banach space. Before explaining this problem, let us introduce
some standard notions.

A sequence {x,} of a Banach space X is called a basis of X if every xeX has a
unique expansion of the form x = X2 1,x,. The basis is called normalized if
| %, || = 1 for all n. Two bases, {x,} of X and {y,} of Y are called equivalent if
2.1 Ax, converges if and only if X, ,4,y, converges. Equivalently, this means
the existence of an isomorphism T from X onto Y such that Tx, = y,;n = 1,2,
A basis {x,} is called unconditional if for every permutation = of the integers the
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sequence {x,,} is also a basis. If, in addition, {x,,} is equivalent to {x,} for any
such permutation then {x,} is called symmetric.

In the separable Orlicz sequence spaces [,, the natural unit vectors form a
symmetric basis.

The general question of uniqueness of normalized bases originates in the
desire to have a canonical representation of a Banach space as a sequence space
in terms of a basis, which does not depend on the special choice of the basis. It has
been proved that 1,1, and ¢, are the only spaces with a unique, up to equivalence,
normalized unconditional basis (c.f. [5] and its references). Furthermore, among
all the spaces having an unconditional basis, these three spaces are the only ones
in which every normalized unconditional basis is symmetric. Since normalized
unconditional bases are so rarely unique it is natural to ask whether symmetric
bases are unique up to equivalence. It is easily seen and well-known that the unit
vector basis in ¢, or [, is up to equivalence the only symmetric basis of these
spaces. The usnal proof of this fact (c.f. [8]) uses the “‘perfect homogeneity” of
the natural unit vector basis of ¢, or l,, a property which is characteristic only
to these spaces [9].

In Section 4 we show that besides ¢, and I, there are other Orlicz sequence
spaces with a unique (up to equivalence) symmetric basis. On the other hand we
construct an example of a reflexive Orlicz sequence space which fails to have this
property. Thus, in general, a representation of a Banach space as a symmetric
sequence space is not ‘‘canonical’’.

The study started in this section can be certainly continued in the direction of
finding necessary and sufficient conditions on M which ensure the uniqueness of
the symmetric basis of I,,. However, a more interesting problem raised by our
examples is the question of finding out whether those spaces which have up to
equivalence unique symmetric bases can be singled out among all Banach spaces
with symmetric bases by any other important linear topological properties.

2. Preliminaries

In this section we summarize some material concerning Orlicz sequence spaces.
This presentation follows essentially the Thesis of K. J. Lindberg [3] which
contains a very clear and detailed exﬁosition of most of the known facts regarding
Orlicz sequence spaces as well as new results in the direction considered in this
paper. (A standard reference for general Orlicz spaces is [2]).

An Orlicz function M(x) is a continuous convex non-decreasing function
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defined for x =0 such that M(0)=0 and M(x) >0 for x > 0. To any Orlicz
function M(x) one can associate the space I, of all sequences of scalars {x,},
such that Z,‘:LIM(I x,,!/t) < oo for some t > 0. The space /,, with the norm

| {x.} || = inf {t > 0; g M(|x, |/t < 1}

becomes a Banach space which is called an Orlicz sequence space. We say that an
Orlicz function M(x) satisfies the A, condition (for small x) if for every 1> 1
there exists a constant K(1) and a positive number x(4) such that M (ix)
< K(A)M(x) for 0 = x = x(2). The words ““for small x”* will be omitted in the
sequel.

It is easy to check that M satisfies the A, condition if and only if limsup,_,
xM’'(x)/M(x) < + oo. (Recall that M’'(x) is a non-decreasing function defined
for each x = 0 except for a countable set of points in which we take M'(x) as the
derivative from the right). Other conditions each equivalent to the A, condition
are (c.f. [1], [3]:

a) Iy does not contain a subspace isomorphic to [,.

b) The unit vectors form a symmetric basis of [,.

¢) Iy consists of all the sequences {x,} such that ZM([ x,,]) < 0.

For any Orlicz function M set
ay = lim inf xM'(x)/M(x); by =lim sup xM'(x)/M(x).
x=0 x-0

Then I, is reflexive if and only if a,; > 1 and by, < + 0.

Two Orlicz functions M (x) and M,(x) are called equivalent if there exist
positive constants K, K,,4,4 and x4 such that for all 0 £ x < x,

K, My(Ax) = M(x) = K, - M,(ux)

When M, and M, satisfy the A,-condition, they are equivalent if and only if
the ratio M;(x)/M,(x) is in the same time bounded and bounded away from
zero on (0, x,) for some x, > 0. This is the case iff I,;, and I, consist of the same
sequences i.e., the unit vector bases in I, and l,;, are equivalent.

We conclude this section by quoting the following result due to J. J. Lindberg
[3]-

ProrosITION 1. Let X be an infinite-dimensional subspace of a separable

Orlicz sequence space ly. Then X has a subspace Y isomorphic to an Orlicz
sequence space ly for some Orlicz function N satisfying the A, condition. If X
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has an unconditional basis, Y may be chosen to be complemented in X, and if X
has a symmetric basis then X itself is isomorphic to ly.

3. In this section we prove the following result.

THEOREM 1. Every Orlicz sequence space I, contains a subspace isomorphic
to 1, for some p2 1.

The theorem is trivial if M does not satisfy the A, condition since in this case
I, contains a subspace isomorphic to I and, therefore, it contains as a subspace
any separable space, in particular, any /.

We can, therefore, assume that M satisfies the A, condition. First we need the
following lemma.

LEMMA 1. Let M be an Orlicz function satisfying the A, condition and let Cy;
be the subset of the Banach space C(0,1) defined by Cy = (No<,<1Cum, Where
CM,=F11VO<S<,{M(sx)/M(s)} (the closure being taken in the norm topology
of C(0,1)).

Then Cy is a compact convex set containing the function x? for some p = 1.

ProOF. As we have mentioned in the previous section, the A, condition insures
the boundedness of the function tM’(f) /M(t) in a certain neighborhood of zero
and thus in the whole interval (0,1). If 4 = sup,.,<, tM'(¢)/M(t) then for each
0<s=1

d |dx[M(sx)/M(s)] = sM'(sx) [M(s) £sM'(s)IM(s) £ 4, 0<x=1,
and thus all the functions in C,,, are equicontinuous for any ¢ > 0. In addition,
they are uniformly bounded by 1; hence C,, is compact for any 0 <t < 1.
Consequently, C,; is 2 nonempty norm compact set consisting of Orlicz functions

N satisfying N(1) = 1 and the A, condition with the same constant as for M.
Let 0 < r <1 and consider the map T, defined on C,,,: 0 <t <1 as follows:

T,N(x)= N(rx)/N(r)
Since N(r)#0 T, is well defined. Moreover, if N(x) = X7 a; M(sx)/M(s;) with

Yr_,4=1and 0<s; <t then

TNO= 5 MG

" M(s;rx) i M(sy)
/ 51 5™ (s

= i o M(sr) | M(sirx) “ M(s;r)

ZEMe) MG | o M)
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It follows immediately that T, maps C,, into C,,. The continuity of T, on
Cyr,1 is checked easily by using the fact that all the functions from C, ; satisfy
the A, condition with the same constant.

Using the Schauder-Tychonoff fixed point theorem for T, on C, we obtain
the existence of a function fe C,, for which

(THE =fGn[f(N=f(x); 0=x=1
By setting q =logf(r)/logr we get that f(r)=r" and further f(r") = (r)*;
n=1,2,- since f(#")=f"(r). In addition, ¢ =1 for f satisfies f(r)<r <1 as
every other function from C,; does. Moreover, as we have shown in the beginning
of this proof

|fx)—f| = 4|x-y|;  xye[0,1].
Thus, for every xe[0,1] we can choose an n such that r" < x < 7"~ ! and have:

|70 — % = 1f) =]+ 2= %7 |
< Alx — |+ (Y — () 241 - 1)

Now, if r, = 1, f; a fixed point of T, and p, = logf,(r,) /logr, then

[fulx) —x™| <24(1—r); 0Sx=1

where fye Cy; k = 1,2,---. Using a compactness argument for {f,} and {p,} and
the fact that C, is norm closed we obtain the existence of a p =1 such that

xPe Cy. This concludes the proof of the lemma.

Proor oF THEOREM 1. We choose a number u, 0 <u <1 which will be
fixed throughout this proof. According to Lemma 1 the compact convex set C,,
containsa function x? for some p =1 (where M is assumed to satisfy the A,
condition). Thus x?e Cy, so we can find a convex combination

X M) [M(t); X m=10<t;<u;
i=1

i=1

i=1,2,---,n; such that
X' — X ouM@Ex) /M) |<3; 0=x=1
i=1

Next, let j, be an integer for which u/* <t; i = 1,2,---,n,. Since xPe Csui,
we can find another convex combination X2, . u;M(t:x)/M(t); X2, = 1;
0<t;<u'';i=n, +1,-,n,, such that
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ns
xXF— X opMEx)/M() | <t 0sSxs1
i=n1+1
Continuing in this manner we construct a decreasing sequence {t;}, lim;, . t; =0
and an increasing sequence of integers {j}; limy..j,= + oo such that
tys1 SwrE<t,; k=12, and

B+t 1
xP— X wM(tx) /ML) | < et 0=sx=1
i=n+1
where
Nr41
w=1; k=1,2,
i=n+1
Denote
o;={; Wt s, <}y A= T /M)
ico;
Then

Ml M(x) et M(t;x)
I LA YR )
i=n+1 # M(ti) F=Jjx teo';‘ul M(tl)

We have that

Jres1—1 X At Ad(tx) Jrev1—1
2 Mty T o < X T Ai_M@x)
j=ji teoy M(tl) ( ) i= nk+1u M(tl) j=jx icoy M(t:) (
or
Jre+1—1 . Bt ) Jrv1—1
2z 'le(u’“x)g 3 HiM(_tli)__ < X AM@ux);
Jj=in i=n 41 Ad(h) j=ie
0=x=1.

Recall that the A, condition for M insures the boundedness of the expression
M(x /u) /M(x) in a neighborhood of zero and thus in the whole interval [0,1]
so that

sup M(x/u)/M(x)=B< + .

O0<x=1

Consequently, for 0= x <1,

Jer1—1 R R+ 1 . Jr+1—1 .
T AM@tx) S X o M(1:x) =B X IM@utix);
ji=Je i=n+1 A4(ﬂ) iz

and further
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Jres1—1 Jree1—1

X M@t x) — <xf £ +B X M@ t'x).

- k+1 — = 2%+1 Lo
J=Je 2 2 J=Jke

If [2] denotes the largest integer < 4, then

Jre1—1 i 1
Y [4IMu ) —

J=Jr

14
Pk+T =xr =

1 Jre+1—1 Jrer1—1

==7+B T [AIMW*tx)+BM() X o',

<
= k1 |~ iy
J=Jk J=Jk

which finally implies that for any sequence {a,} the series

0 jra1—1
XX [LIME Y a])

k=1 j=j
converges if and only if {q,}el,.
Let now {4,}/2, be disjoint subsets of the integers so that 4; has exactly [1,]
elements (4; = & if [4;]=0). Put

Jes1—1
fo= X u”l( ) em) k=1,2,-

J=Jk med; /
where e,, denotes the mth unit vector in I,,. The statement we just proved means
that X,a.f, converges iff X;|a,|” < oo. In other words the closed linear span of
{f:}=, is isomorphic to 1. Q.E.D
COROLLARY. Every closed subspace of a separable Orlicz sequence space Iy,
contains a subspace isomorphic to 1, for some p = 1.

Proor. This follows from Proposition 1, Theorem 1 and the fact that separa-
bility of [,, implies that the A, condition holds for M.

REMARKS. Some particular cases of Theorem 1 have been proved by K. J.
Lindberg in [3]. He has shown that if a,; = b,, (for the definition, see Section 2
above) or if the function xM'(x)/M(x) has a special asymptotic behavior then I,
contains a complemented subspace isomorphic to [, for some p > 1.

The analogue of Theorem 1 for Orlicz function spaces Ly(0,1) is easy and
well known. If M satisfies the A, condition (at o) then the Rademacher func-
tions span a subspace of Ly,(0, 1) which is isomorphic to I,. If M does not satisfy
A, at oo then L,,(0,1) contains any separable space as a subspace.

4. Uniqueness of symmetric bases of Orlicz sequence spaces
We start this section by describing a class of Orlicz sequence spaces, including
properly the I-spaces, which have (up to equivalence), a unique symmetric
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basis. In the statement of our result we refer again to the compact convex set C,,
introduced in the previous section.

THEOREM 2. Let I, be a separable Orlicz sequence space for which the set
Cy contains no Orlicz function equivalent to M. Then the usual unit vector
basis {e,} is, up to equivalence, the unique symmetric basis of l.

PROOF. Assume that f7, is another symmetric basis of I, Thus, since {f,} is
equivalent to each of its subsequences, we can find by a standard procedure a
normalized block-basis

oy e z: M= |fi] =1
f=gnt1
which is equivalent to {f,} (g, is an increasing sequence tending to + o). Since
the A, conditions holds for M it follows, as we have already mentioned in the
proof of Lemma 1, that the functions Xf2%!, M(t;x); n = 1,2,---, form a totaly
bounded subset of C(0,1). Hence we can assume without loss of generality that
there exists an Orlicz function N, satisfying again the A, condition such that the
sequence 24!, M(#x) tends to N(x) uniformly on [0,1].
Incidentally, this shows that {f;} is equivalent to the unit vector basis:{f,} of Iy.
Replacing M by N and {f,} by {e,} and repeating our arguments we can con-
struct a sequence of functions X7, N(s;x); X7l N(s)=1; n=1,2,--,
which converges uniformly on [0,1] to an Orlicz function M,(x) and the basis
{e,} is equivalent to the usual unit vector basis of I,,, Therefore, it follows im-
mediately that M, is equivalent to M.
Combining these facts one can easily show that M,(x) can be approximated

uniformly on [0,1] by sums having the form

qur1  TMait n+ 1 Ty + M(t:s:x
T Y M=y y MO
i=¢q,+1 j=rm,+1 i=q.+1 j="m,+1 M(tl j)

where the sums Xfntl, Xt M(ys)) tend to L

Thus M ,(x) can be approximated uniformly on [0, 1] by convex combinations
of the functions M(t;3,x)/M(t;s;). Consequently, if at least one of the sequences
{t;} or {s;} tends to zero then M, € C), which contradicts our hypothesis. Hence,
we can assume the existence of a number « > 0 and subsequences {t; } and {s;,}
for which |t | =a; |s | =a; k=1,2,---. In this case it follows easily that the

bases {e,} and {f,} are equivalent which completes the proof.

COROLLARY. Let I, bean Orlicz space for which ay = by, (i.e.lim,_,oxM'(x)/
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M(x) exists). Then the usual unit vector basis is, up to equivalence, the unique
symmetric basis of ly.

ProOF. If p = ay = by,; then for any & > O there is x, > 0 such that

p—¢ SM,(X)SIH_S-
x T Mx)T x °

O<x<x,

Integrating this inequality between tx and ¢ for some 0 <t < x,and 0 <x < 1
we get
xp+‘5 < M <x r-e
= M) T
from which we can easily conclude that C,, contains only one function namely x?.
Thus, either M is not equivalent to x” and then we conclude the proof by using

Theorem 2, or M is equivalent to x” in which case this result is known as we have
pointed out is Section 1.

ExaMPLE. For each p =1, the function M(x)= x?/(1 —logx) satisfies the
conditions of the previous corollary without being equivalent to x?. There are
also examples of functions M such that ay 7 by, but M satisfies the assumption
of Theorem 2.

The remaining part of this section is devoted to the construction of an example
of an Orlicz sequence space having at least two non-equivalent symmetric bases.
We shall need the following Lemma:

Lemma 2. Let H(x) and K(x) be two continuous non-decreasing convex
functions defined on an interval [t,1] for some 0 <t <1 and such that:

1° H)=K(1)=1; 1>H(1#)>0; 1>K(#)>0
2° There exist numbers d > ¢ > 1 such that

H'(1)=K'(1)=c¢ and
cSxH'(x)[H(x)=d; c£xK'(x)/K(x)<d

for every x€[t,1] in which both derivatives exist (othcrwise we take instead the
right derivates). Then the function

B H(x) t=x=1
A = {H(t)K(x/t); P<x<t

is continuous, convex, non-decreasing and satisfies 2° on [t*,1] with the same
¢ and d.
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Proor. It is obvious that H is a continuous non-decreasing extension of H.
For 12 £ x <t we have

A'(x)=HOK'(x/1)1,
and in particular
H'(t—0)=H®OK'()t < H'(1),

which together imply the convexity of A on [¢*,1]. Finally,

xH'(x)  (x[DK'(x]1) .
Hx — K&/

shows that the inequalities from 2° continue to hold.

P<x<t,

THEOREM 3. There exists a reflexive Orlicz space I, having at least two
non-equivalent symmetric bases.

Proor. We begin by constructing two functions, M(x) and N(x) defined on
[3,1] satisfying all the requirements of the preceding Lemma and also that
M($)/N(%) = 4 < 1. The possibility of finding such a pair of functions is evident

By an inductive procedure we extend M and N to Orlicz functions on [0,1]. Put
t,=2"%"", n=1,2,--. Assume we have already extended M and N (the ex-
tensions will be denoted always by the same letter) to [t3,.,,1] so that all the
condifions in Lemma 2 are satisfied on this interval and in addition

(*) M(t35 ) [N(t3541) = 22"
We extend now in three steps the functions to the interval [t5,,4,1] as follows:
NG N § 1272 s
M(x) = M(tsp+2)M(% [t3,42)
N(x) = N(t3p+2)N(x/[t30+2) }
M(x) = M(t3,+3)M(x [t2,+3)
N(x) = N(tap+3)M(x[t3543) }

It follows from Lemma 2 that M and N continue to satisfy all the requirements
appearing in its statement on the interval [f5,4 )+, 1]. Also (¥) is satisfied for

2
amr2 2 X 23003 = 13,40,

2
343 2 X 2 tapes = 3p43.

n+ 1 since

M(t3,44) _ M(t3,+3) _ [M(t3n+2)]2 _ [M(t3n+1)]2 =lz"
N(tssra)  N(t3n+3) N(t34+2) N(t3n+1) )

Thus by setting M(0) = N(0) =0 we get Orlicz functions on [0,1] which
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satisfy the A, condition and for which lim,_, ,M(z,) /N(t,) = 0, i.e. M(x) and N(x)
are not equivalent.

By the inductive construction we have
N(x) = M(t3+1%) [M(t3541)s tags1 Sx S 1
and
M(x) = N(t3,+3%X) [N(t3p+3)s tane3 SX S L

By using the fact that N and M satisfy A, it follows that there are subsequences
{s,.} and {r,}, of {t3,+1} and {t;, 4} respectively, so that for every 0 < x < 1

| N(x) = M(s,x) [M(s,) | £ 2727, | M(x) = N(ryx) /N (r,) | < 272,

Since lim,,, ,, M(s,,) = lim,,_,,, N(r,,) = 0 while M and N are bounded above by 1
we may assume (by passing again to a subsequence, if necessary) that

|N(X) - AmM(smx)| = 2—m, |M(x) - ymN(rmx)l = 2="

for all 0 < x <1, where 4,, = [1/M(s,)] and y,, = [1/N(r,)].

It follows that the series E,,,N(|am|)' converges iff ZmlmM(smlaml) converges
while Z,,,M(lbml) converges iff ZmymN(rmlbmi) converges. Let {4,,} be disjoint
subsets of the integers having exactly 1, elements, and let {¢,} denote the unit
vectors in I, The subspace U of I, spanned by the vectors y,, = 1,X,.4 e, is
thus isomorphic to Iy. Since U is complemented in Iy, (cf. [5]) it follows that I is
isomorphic to a complemented subspace of I, i.e. Iy, = Iy ® X for some space X.
Similarly Iy =~ I,y @ Y for some Banach space Y. An application of Pelczynski’s
decomposition method [7] shows that Iy~ I,. Indeed,

Iwvrly@Y Ryl YR DIy ZDIyEX Iy DX ~ ).

This completes the proof of the theorem.

ReMARKS The construction used here allows a great degree of freedom in
choosing N and M. For example, given any 1 < a < b < o0 we can construct an
M (and N) as above so that ay, = a, by, = b and, of course, I, does not have a
unique symmetric basis. This should be compared to the Corollary to Theorem 2.

An easy modification of the construction above shows that there is an Orlicz
space which has at least three symmetric mutually nonequivalent bases. One
simply has to construct inductively in an obvious manner three functions M,(X),
My(X), M5(X) instead of the two functions M(X) and N(X). In fact, the same
procedure enables the construction of an Orlicz sequence space I, which has a
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countably infinite number of mutually non-equivalent symmetric bases. We do
not know whether there exists an Orlicz sequence space which has exactly two (or
any other finite number) of mutually non-equivalent symmetric bases. It may be
that the existence of two non-equivalent symmetric bases implies already the
existence of infinitely many non-equivalent ones.
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